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$(R^{4}, d\theta_{0})$ $\theta_{0}$ 1
$(q, p)\in R^{2}\cross R^{2}\cong R^{4}$
$\theta_{0}=p_{1}dq_{1}+p_{2}dq_{2}$ , (1)
$(R^{4}, d\theta_{0})$
$H_{\alpha}=J+ \alpha_{1}JL_{3}+\frac{\alpha_{2}}{2}L_{2}^{2}$ $(\alpha_{1}>0, \alpha_{2}\geq 0)$ (2a)
$J= \frac{1}{2}\sum_{j=1}^{2}(p_{j}^{2}+q_{j^{2}})$ , $L_{1}=q_{1}q_{2}+p_{1}p_{2}$ ,
(2b)
$L_{2}=q_{1}p_{2}-q_{2}p_{1}$ , $L_{3}= \frac{1}{2}(p_{1}^{2}+q_{1}^{2})-\frac{1}{2}(p_{2}^{2}+q_{2}^{2})$ ,
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$H_{\alpha}$ $\alpha$ $H_{\alpha}$ $\alpha=0$ $H_{0}=J$
$(R^{4}, d\theta_{0}, H_{\alpha})$ 1:1
$(L_{j})(j=1,2,3)$ $J$ $H_{\alpha}$ Birkhoff-Gustavson
$H_{\alpha}$ [6] Robnik
$g_{20}=-g_{02}=\alpha_{1},$ $g_{11}=-2\gamma_{3}=\alpha_{2}$ , and as $\gamma_{1}=\gamma_{2}=0$
Lakshmanan-Hasegawa ([7]) Robnik ‘ ’
2 $\alpha$ $U(1)$
$\{\alpha_{1}=\alpha_{2}|\alpha_{1}>0, \alpha_{2}\geq 0\}$





2 (2) $\alpha$ $\alpha_{1}<\alpha_{2}$
(3) $\alpha_{1}$ $(\alpha_{1}>0)$ $\alpha_{2}$
$\alpha_{2}$
? $4$ $5$ Maslov
4 Maslov 2
$H_{\alpha}$ $J$ ((2) )
$M_{h,E}=\{(p, q)\in R^{2}\cross R^{2}|J(p, q)=h, H_{\alpha}(p, q)=h+h^{2}E\}$ , (3)













$d \theta_{0}=d[\frac{1}{2i}(\overline{z}^{T}dz-z^{T}d\overline{z})]$ , (5)
( $T$
$-$
) $C^{2}$ $U(1)$ $\Phi_{t}$
$\Phi_{t}$ : $zarrow\exp(it)z$ $(z\in C^{2}, t\in[0,2\pi])$ , (6)
$\Phi_{t}$ $(C^{2}, d\theta_{0})$







(7) (2) $J$ $U(1)$ $\Phi_{t}$
$S^{2}(h)$ $h>0$ 2 $\pi_{h}$ Hopf
Hopf $z\in J^{-1}(h)$
$\pi_{h}(z)=(2\Re z_{1^{\overline{Z}}2},2\Im z_{1}\overline{z}_{2}, |z_{1}|^{2}-|z_{2}|^{2})\in S^{2}(h)\subset R^{3}$ , (8)




$\omega_{h}=-\frac{h}{2}\sin\theta d\theta\wedge d\phi=(-\frac{1}{2h})\cross$ ( $the$ standard area element of $S^{2}(h)$ ) (9b)
(7) $J^{-1}(h)$ $U(1)$
$\pi_{h}$ : $J^{-1}(h)arrow S^{2}(h)$
$H_{\alpha}$ $U(1)$ $H_{\alpha}$
$H_{\alpha}\circ i_{h}=H_{\alpha,h}^{red}\circ\pi_{h}$ , (10a)
$H_{\alpha,h}^{red}=h+ \alpha_{1}h^{2}\cos\theta+\frac{\alpha_{2}}{2}h^{2}\sin^{2}\theta\sin^{2}\phi$ (10b)
1 $(S^{2}(h), \omega_{h}, H_{\alpha h,)}^{red})$
$U(1)$




PROPOSITION 2.2. $H_{\alpha,h}^{red}$ $\alpha_{1}-\alpha_{2}$
$\{\alpha_{1}^{1}\alpha_{1}\alpha=\alpha_{2}<\alpha_{2}^{2}>\alpha$ $\Rightarrow\Rightarrow\Rightarrow$ $231$ ’ .
Prop.2.2 $\{\alpha\in R^{2}|\alpha_{1}>0, \alpha_{2}\geq 0\}$
















$\hat{H}_{\alpha}$ [4] $\hat{H}_{\alpha}$ $J$
$\wedge$
$[\hat{H}_{\alpha}, J]=0$ $\hat{H}_{\alpha}$ J^ $V_{n}(n=0,1,2, \ldots)$
$|jn-j$ } $(j=0,1, .., n)$
$\hat{H}_{\alpha}$ $n+1$
$\hat{H}_{\alpha}|kn-k\rangle=\sum_{j=0}^{j=n}A_{jk}^{(n)}(\alpha)|jn-J\rangle$ , $(k=0,1, \ldots, n)$ . $V_{n}$ $\hat{H}_{\alpha}$
$(n+1)$ $A^{(n)}(\alpha)=(A_{jk}^{(n)}(\alpha))$ $\hat{H}_{\alpha}$
$A^{(n)}(\alpha)$ ([11])
$A^{(n)}$ (\alpha ), Figure 1 $\alpha_{1}$ 1
$\alpha_{2}$
$0$ 10 $V_{15\text{ }}V_{25}$ $\hat{H}_{\alpha}$
Fig.la $(V_{15})$ Fig.lb $(V_{25})$




Figure la. $n=15(V_{15})$ . Figure lb. $n=25(V_{25})$ .
Figure 1. $[\hat{H}_{\alpha}-h(n+1)]/\{h(n+1)\}^{2}$ .
OBSERVATIONS.
(1) 2












$T^{2}$ $(\cong T^{2})$ 1










$M_{h,E}$ $J^{-1}(h)$ $U(1)$ ((7) )
$H_{\alpha h,)}^{red}$ (10a)
$\pi_{h}(M_{h,E})=\{H_{\alpha h,)}^{red}=h+h^{2}E\}$ , (13)
$\{H_{\alpha,h}^{red}=h+h^{2}E\}(\subset S^{2}(h))$ $H_{\alpha h,)}^{red}$
$J$ $H_{\alpha}$ $U(1)$ $M_{h,E}$ $U(1)$
(13) ([10])
$M_{h,E}=\pi_{h}^{-1}(\pi_{h}(M_{h,E}))=\pi_{h}^{-1}(\{H_{\alpha,h}^{red}=h+h^{2}E\})$ . (14)
$U(1)$ $J^{-1}arrow S^{2}(h)$ (14) $M_{h,E}$
$U(1)$ $\pi_{h}(M_{h,E})$
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$\{H_{\alpha h,)}^{red}=h+h^{2}E\}\cong\{\begin{array}{l}1J\backslash \backslash \backslash \# ifE=\pm\alpha_{1}S^{1}if-\alpha_{1}<E<\alpha_{1}\end{array}$ (16a)
$\alpha_{1}<\alpha_{2}$ ,
$\{H_{\alpha,h}^{red}=h+h^{2}E\}\cong\{\begin{array}{l}1\beta_{\backslash }ifE=-\alpha_{1}S^{1}if-\alpha_{1}<E<\alpha_{1}S^{1}\vee S^{1}ifE=\alpha_{1}S^{1}+S^{1}if\alpha_{1}<E<(\alpha_{1}^{2}+\alpha_{2}^{2})/2\alpha_{2}2\#_{\backslash }ifE=(\alpha_{1}^{2}+\alpha_{2}^{2})/2\alpha_{2}\end{array}$ (16b)
V $+$ 1 $S^{1}\vee S^{1}$ ‘ ’







$T^{2}$ 2 $(\cong S^{1}\cross S^{1})$
REMARK: $\alpha_{1}<\alpha_{2}$ $E=\alpha_{1}$ $M_{h,\alpha_{1}}$
$M_{h,\alpha_{1}}$ ‘ ’ $M_{h,\alpha_{1}}$
5











$\Gamma_{h,E}^{(1)}$ $\Gamma_{h,E}^{(2)}$ $\{H_{\alpha h,)}^{red}=h+h^{2}E\}$ $y_{2}\geq 0$ $y_{2}\leq 0$
($(y_{j}):R^{3}$ ) $C_{h}^{(j)}$ $\Gamma_{h,E}^{(j)}$
$C_{h}^{(1)}\cap C_{h}^{(2)}=(0,0, h)$
$\gamma_{h,E\text{ }}C_{h^{\text{ }}}^{(j)}\Gamma_{h,E}^{(j)}$ $S^{1}$
$\pi_{h}$ 2

















2 Lemma 4.2 2 $\{H_{\alpha,h}^{red}=h+$
$h^{2}E\}$ $M_{h,E}$ ‘ ’
Lemma 4.6 1




$\sigma_{h}$ $\pi_{h}^{-1}(U)\cong U\cross S^{1}$
(15)
$M_{h,E}\cong S^{1}\cross\{H_{\alpha,h}^{red}=h+h^{2}E\}\cong S^{1}\cross\sigma_{h}(\{H_{\alpha h,\rangle}^{red}=h+h^{2}E\})$ . (20)
$\{H_{\alpha,h}^{red}=h+h^{2}E\}$ $M_{h,E}$ $\sigma_{h}(\{H_{\alpha,h}^{red}=$

















(22) 1 2 Maslov
Maslov ([5,13,14])
M
$M=(\begin{array}{ll}\frac{\partial J}{\partial\overline{z}_{1}} \frac{\partial H_{\alpha}}{\partial\overline{z}_{1}}\frac{\partial J}{\partial\overline{z}_{2}} \frac{\partial H_{\alpha}}{\partial\overline{z}_{2}}\end{array})$ (23a)
$Arg(\det(M))$ Maslov \mbox{\boldmath $\mu$} $R^{4}$ 1
$\mu=\frac{1}{\pi}d$ [Arg(det(M))] (23b)
$c$ Maslov $c$ $\mu$
$\mathcal{M}(c)=\oint_{c}\mu$ (23c)
4 Maslov
$\mathcal{M}(g_{1})=\mathcal{M}(g_{1}^{(j)})=4$ , $\mathcal{M}(g_{2})=\mathcal{M}(g_{2}^{(j)})=-2$ $(j=1,2)$ , (24)
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1 ( $g_{1}$ , and $g_{1}^{(j)}$ )
$\frac{1}{2\pi h}\oint_{c}pdq=\frac{h}{h}$ $(c=g_{1}, g_{1}^{(j)}(j=1,2))$ (25)
(24) (25) $J$ $h$
Maslov




LEMMA 5.1. ( ) 2
$c$ $c$
$\frac{1}{2\pi h}\oint_{c}pdq=-\frac{1}{4\pi hh}Area(\pi_{h}(c))$ , (27)
Area$(\pi_{h}(c))$ $\pi_{h}(c)$
REMARK: $\pi_{h}(c)$ 4















$0<Area(\Gamma_{h,E}^{(j)})<Area(C_{h}^{(j)})<2\pi h^{2}$ , (29b)
Area$(\Gamma_{h,E}^{(j)})<Area(\Gamma_{h,E}^{(j)},)$ , if $E>E’>\alpha_{1}$ . (29c)
REMARK: (29c)











1 3 1 Observation
CONCLUSION 1. $E>\alpha_{1}$ Maslov
$E$ 2
?




$h$ $h=(N+1)\hslash(N=0,1, \ldots)$ $- \frac{h}{2\hslash}+\frac{1}{2}=-\frac{N}{2}$
Maslov (22) $0$ $-[(N-1)/2]$
$[(N-1)/2]$ $(N-1)/2$ (32)
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PROPOSITION 5.3. $h$ $h=h(N+l)$ (N: )
Area$(C_{h}^{(j)})$ $\nu=0,1,$ $\ldots,$ $[(N-1)/2]$
$- \nu-1\leq-\frac{1}{4\pi\hslash h}Area(C_{h}^{(j)})+\frac{1}{2}<-\nu$ (33)
Maslov
$\frac{1}{2\pi h}\oint_{g_{2}^{(j)}}pdq-\frac{1}{4}\mathcal{M}(g_{2}^{(j)})=0,$ $-1\ldots.,$ $-\nu$ (34)
$(\nu+1)$ 2 $E>\alpha_{1}$
( ) $\alpha$- Area$(C_{h}^{(j)})$
Area$(C_{h}^{(j)})=4h^{2}[ \frac{\pi}{2}$ –arcsin $\sqrt{\frac{\alpha_{1}}{\alpha_{2}}}-\frac{\alpha_{1}}{\alpha_{2}}\sqrt{\frac{\alpha_{1}}{\alpha_{2}}-1\rfloor}$ $(0< \arcsin\sqrt{\frac{\alpha_{1}}{\alpha_{2}}}<\frac{\pi}{2})$ , (35)




$\ovalbox{\tt\small REJECT}$ $h=\hslash(N+1)$ (36) $\alpha_{1}/\alpha_{2}$
$([(N-1)/2]+1)$
(36) $\nu$ $l_{\nu}^{(N)},\nu=0,$ $\ldots,$ $[(N-1)/2]$ $\alpha-$
$([(N-1)/2]+2)$ ( Figure 2 )
Figure 2 $l_{\nu}^{(N)}$ $l_{\nu+}^{(N)_{1}}$ $R_{\nu}^{(N)}$ $(\nu=$
$0,$
$\ldots,$
$[(N-1)/2]-1)_{\text{ }}R_{[(N-1)/2]}^{(N)}$ 1 $\ell_{[(N-1)/2]}^{(N)}$ $R_{-1}^{(N)}$
$l_{0}^{(N)}$
$R_{\nu}^{(N)}\cup\ell_{\nu+1}^{(N)}(\nu=0, \ldots, [(N-1)/2]-1)$
(33) (33) $\nu=[(N-1)/2]$ , $R_{[(N-1)/2]}^{(N)}$
$\ell_{0}^{(N)}$ $R_{-1}^{(N)}$ $\{\alpha_{1}\geq\alpha_{2}\}\subset R_{-1}^{(N)}$ (17)
, $\{\alpha_{1}<\alpha_{2}\}\cap R_{-1}^{(N)}$ (32)
Maslov $\alpha\in R_{-1}^{(N)}$
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Figure 2. $\alpha$- $f_{\nu}^{(N)}$
$\pi_{h}$
$(\Gamma_{h,E}^{(j)} )$ Maslov




( ’ (16) (17)
$\pi_{h}^{-1}(C_{h}^{(j)})$ $\pi_{h}^{-1}(\Gamma_{h,E}^{(j)})$ $E$ $arrow\alpha_{1}$
(29d)
(34) (27) (36) $\pi_{h}^{-1}(C_{h}^{(j)})$
‘ ’ $-(1/4\pi\hslash h)Area(C_{h}^{(j)})+1/2=-\nu$











CONCLUSION 2. $h$ $h=\hslash(N+1)$ Fig$ure2$
$\{\alpha|\alpha_{1}>0, \alpha_{2}\geq 0\}$
(1) $\alpha\in R_{-1}^{(N)}$
(2) $\alpha\in R_{\nu}^{(N)}\cup l_{\nu}^{(N)}$ $( \nu=0,1, \ldots, [\frac{N-1}{2}])$ $(\nu+1)$ - 2
Conclusion 2 3 2 Observation
$\alpha_{1}\geq\alpha_{2}$ Concl.2 (1)
Conclusion 2 3 Observation
$h$ $h=h(N+1)$ Observation
$\alpha-$ (Fig.2) { $\alpha_{1}=$ constant}
{ $\alpha_{1}=$ const.} $l_{\nu}^{(N)}$ $\alpha_{2}$ $\alpha_{2}^{(N,\nu)}$ $(\nu=$
$0,1,$
$\ldots,$ $[(N-1)/2])$ $\alpha_{2}^{(N,[(N-1)/2]+1)}=\infty$ $\alpha_{2}^{(N,-1)}=0$
$\alpha$ { $\alpha_{1}=$ const.} $\alpha_{2}=0$ Concl.2
$E$ $\alpha$
CONCLUSION 3. $\alpha_{1}$ $h=\hslash(N+1)$ $0\alpha_{2}\in[\alpha_{2}^{(N,\nu)}, \alpha_{2}^{(N,\nu+1)}$ )
(\mbox{\boldmath $\nu$}+1)- 2
3 Observations
1. R. T. Swimm and J. B. Delos, J. Chem. Phys. 71 (1979), p. 1706.
2. M. Kuwata, A. Harada, and H. Hasegawa, J. Phys. A23 (1990), p. 3227.
3. K. Ganesan and M. Lakshmanan, Phys. Rev. A45 (1992), p. 1548.
92
4. Y. Uwano, Physica D35 (1989), p. 1.
5. Y. Uwano, preprint.
6. M. Robnik, J. Phys. A17 (1984), p. 109.
7. M. Lakshmanan and H. Hasegawa, J. Phys. A17 (1984), p. L889.
8. M. Kummer, Commun. Math. Phys. 48 (1976), p. 53.
9. R. Cushman and D. L. Rod, Physica D6 (1982), p. 105.
10. S. Kobayashi and Y. Nomizu, “Foundations of Differential Geometry, Vol. 1,”
Wiley, New York, 1963.
11. R. Zurm\"uhl, “Matrizen und ihre Technischen Anwendungen,” Springer-Verlag,
Berlin, 1946.
12. V. I. Arnold, (($Mathematical$ Methods of Classical Mechanics,” Springer-Verlag,
New York, 1978.
13. A. Yoshioka, Tokyo J. of Math. 9 (1986), p. 415.
14. V. I. Arnold, Functional Anal. Appl. 1 (1963), p. 1.
15. A. Erd\’elyi et. al., (Higher Transcendental Functions, Vol. 2,” MacGraw-Hill, New
York, 1953.
